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Abstract. Let X be a projective variety, homogeneous under a linear algebraic 
group. We show that the diagonal of X belongs to a unique irreducible component 
Tix of the Hilbert scheme of X x X. Moreover, Tix is isomorphic to the "wonderful 
completion" of the connected automorphism group of X; in particular, Tix is non- 
singular. We describe explicitly the degenerations of the diagonal in X x X, that 
is, the points of Tix these subschemes of X x X are reduced and Cohcn-Macaulay. 



Introduction 

Let G be an adjoint semisimple algebraic group over an algebraically closed field. 
Then G admits a canonical smooth completion G, such that: (a) the action of G x G 
by left and right multiplication on G extends to G, (b) the boundary G — G is a union 
of smooth irreducible divisors intersecting transversally along the unique closed GxG- 
orbit, and (c) the partial intersections of these boundary divisors are exactly the orbit 
closures. This "wonderful" completion was constructed by De Concini and Procesi 



in characteristic zero, and then by Strickland [18[] in arbitrary characteristics, via 
representation theory. 

In this article, we obtain algebro-geometric realizations of G, as follows. Choose a 
parabolic subgroup P of G and consider the projective variety G/P — X. Regard the 
diagonal in XxX as a point of the Hilbert scheme Hilb(XxX). The group GxG acts 
on Hilb(X x X) via its natural action on X x X; if G acts faithfully on X, then the 
G x G-orbit of the diagonal is isomorphic to G. We show that the closure of this orbit 
is isomorphic to G (Theorem |3|). If moreover G is the full connected automorphism 
group of X, this realizes G as the irreducible component Tix of Hilb(X x X) through 
the diagonal (Lemma |2|). 

In the case where G is the projective linear group PGL(n + 1), the wonderful 
completion G is the classical "space of complete collineations" , and the most natural 
choice for X is the projective space P n . In fact, the realization of G as the orbit closure 
of the diagonal in the Hilbert scheme of P n xP n is due to M. Thaddeus in the more 



general setting of "complete collineations of a given rank" . The approach of Thaddeus 

is inspired by Kapranov's work on the moduli space of stable punctured curves of 

genus 0, see [[l(J, HlT| . It proceeds through several other interesting constructions of 
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G, either as an iterated blow-up or as a quotient, that do not seem to extend to other 
groups. 

For this reason, we follow an alternative approach based on results of 0] and ||. A 
flat family over G was constructed there, whose general fibers are the G x G-translates 
of the diagonal in X x X. The resulting morphism G — > Hilb(X x X) turns out to 
be an isomorphism over its image (Theorem [|). As a consequence, we describe the 
fibers over G of the universal family of Hilb(X x X), that is, the scheme-theoretic 
degenerations of the diagonal. These subschemes turn out to be reduced and Cohen- 
Macaulay. They are obtained by moving a union of Schubert varieties in X x X by 



the diagonal action of a Levi subgroup, see Proposition [L(J. The case where X is the 
full flag variety of G turns out to be nicer, e.g., all degenerations are Gorenstein. 
(This does not even extend to X = P 2 , see the remark at the end of Section 3.) 

This approach also yields algebro-geometric realizations of the "wonderful symmet- 
ric varieties" of [[7J, ||; moreover, the Hilbert scheme may be replaced everywhere 
with the Chow variety, in characteristic zero (Theorem [T2| and Corollary [TJ^). This 
generalizes results of Thaddeus jn| concerning complete quadrics and complete skew 
forms. 

As another generalization, one may consider a compact Kahler manifold X and its 
connected automorphism group G; then the G x G-orbit closure TCx of the diagonal 
in the Douady space of X x X is again an equivariant compactification of G, which 



may be of interest (this construction is used in |17| to compactify the G-action on 
X). The description of Tix is easy if X is homogeneous: for, by a theorem of Borel 
and Remmert (see 3.9), X is then the product of its Albanese variety A(X), a 
complex torus, with a flag variety Y as above. And one checks that H.yxA{x) — 
H Y *H A{ x)=H Y *A{X). 

More generally, for any integer m > 2, the irreducible component of the "small" 
diagonal in the Hilbert or Douady space of X m is an equivariant compactification of 
the homogeneous space G m /G, where G = Aut (X) is embedded diagonally in G m . 
Are some of these completions smooth ? In the case where G = PGL(n + 1), could 
they be related to those constructed by Lafforgue ? 

This work is organized as follows. Section 1 contains preliminary constructions and 
remarks concerning connected automorphism groups of arbitrary projective varieties. 
Our main result, Theorem [| is stated and proved in Section 2, and then extended to 
wonderful symmetric varieties. As an application, all degenerations of the diagonal in 
G/P x G/P are described in Section 3. In Section 4, we adapt our constructions and 
results to Chow varieties, assuming that the characteristic of k is zero. We obtain a 
slightly stronger version of Theorem |3| under this assumption, with a much simpler 
proof. 
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We use [16 as a general reference for linear algebraic groups, and [|H| for Hilbert 
schemes. 
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I. Completions of connected automorphism groups 

In this section, we consider an arbitrary projective algebraic variety X over an 
algebraically closed field k. Recall that the automorphism group Aut(X) is an al- 
gebraic group scheme over k with Lie algebra Hom(n^, Ox), where Q x denotes the 
sheaf of Kahler differentials of X (see |T3|] 1.2.16.4). Let G be a closed connected 
subgroup scheme of Aut(X), with Lie algebra q. We shall assume that G is smooth; 
this assumption is always fulfilled in characteristic zero. 

The group G x G acts on X x X, and thus on its Hilbert scheme Hilb(X x X). 
Let 7ix,G be the G x G-orbit closure in Hilb(X x X) of the diagonal, diag(X); we 
endow TLx,g with its reduced subscheme structure. 

Lemma 1. With preceding notation, H,x,g is a projective G x G-equivariant comple- 
tion of the homogeneous space (G x G)/diag(C7). 

Proof. Clearly, the isotropy group of diag(X) in GxG equals diag(G), as a set. Thus, 
it suffices to check that the isotropy Lie algebra of diag(X) is diag(g). To see this, 
recall that the Zariski tangent space to Hilb(X x X) at diag(X) is 

T diag(x) Hilb(X x X) = Hom(T diag(x) /Jj iag(x) ,C diag{x) ) = Rom(tt x ,O x ). 

Moreover, the differential of the morphism 

G x G -> Hilb(X x X), (g, h) i-> (g, h) ■ diag(X) 

at the identity element of G x G, is the map 

flxg-» Hom(fi^, O x ), 0, y)^x-y. 

□ 

Note that (G x G)/diag(C7) is isomorphic to G via (g,h) i— ► gh~ x \ moreover, the 
subscheme (g, h) -diag(X) is the graph of hg^ 1 = (gh^ 1 )^ 1 . Thus, the closed points of 
Ti-x,c are the graphs of elements of G, together with their limits as closed subschemes. 

If Aut(A) is smooth, then we can take G = Aut°(X); we then set Hx,g = 'H.x- 
By the preceding argument, the Zariski tangent spaces at diag(X) of Hx and of 
Hilb(X x X) coincide; we thus obtain 

Lemma 2. With preceding notation, diag(X) is a non-singular point o/Hilb(XxX). 
Moreover, Tix is the irreducible component o/Hilb(X x X) through diag(X). 
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The Gx G-action on Ttx,G can be interpreted in terms of two well-known operations 
on Hilb(X x X). The first one is the "convolution" product *, defined by 

Z x * Z 2 = p 13> ,(p* 12 Z 1 n p* 23 Z 2 ) 

where pij :XxXxX^XxX denotes the projection to the (i, j)-factor, and 
fl denotes scheme-theoretic intersection. The second one is the "transposition" , the 
involution of Hilb(X x X) induced by the involution (x,y) 1— > (y,x) of X x X; this 
involution will be denoted Z \— > Z^ 1 . 

For every automorphism g of X, with graph r s , we have T ff 1 = T g -i. Moreover, left 
(resp. right) convolution with T g is the action of {g~ l ,id) (resp. (id,g)) on Hilb(X x 
X). Thus, the transposition extends to Hx,g the inverse map on G, and the G x en- 
action on TCx,g can be viewed as left and right convolution with graphs of elements 
of G. 

However, 7ix,G is generally not invariant under convolution (thus, convolution is 
not a morphism.) For example, if X = P 1 and G = PGL(2), then TLx,g = 7~Lx 
contains the reduced subscheme Z x = P 1 x {x} U {x} x P 1 for every x E P 1 , and 
Z x * Z x equals P 1 x P 1 . 

Finally, we shall need a "twisted" version of TIx,g- Let a be an automorphism of 
the algebraic group G, such that the fixed point subgroup scheme 

G° = {g € G I v(g) = g} 

is smooth (e.g., G is linear and a is semisimple). Consider another variety Y endowed 
with an action of G and with an isomorphism 

such that f(g ■ x) = a(g) • f(x) for all (g, x) e G x X. Let 

T f CXxY 

be the graph of /. The stabilizer of Tf under the diagonal action of G on X x Y is 
G a . Let 7if,G be the G-orbit closure of Tf in the Hilbert scheme of X x Y, then 7Y/,g 
is a projective G-equivariant completion of the homogeneous space G/G a ; its points 
are graphs of G-conjugates of /, together with their limits as subschemes. 
Note that the isomorphism 

id x f' 1 : X x Y -> X x X 

maps to diag(X). Thus, 7i/,G embeds into TCx,g as a closed subvariety, invariant 
under the "twisted" action of G defined by 

g*Z = (g,a~ 1 (g))-Z. 

The restriction to the open orbit G ■ Tf = G/G a of both embeddings identifies to the 
map 

G/G a — > G, gG° » ga-^g' 1 ), 
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equivariant for the G-action on GjG u by left multiplication, and for the twisted 
G-action on G. 

Example 1. Consider a finite dimensional k- vector space V endowed with a nondegen- 
erate quadratic form q; we assume that the characteristic of k is not 2. This defines 
a symmetric isomorphism V — > V* and hence an isomorphism / : P(V) — > ¥(V*), to- 
gether with an involutive automorphism a of PGL(V) mapping every element to the 
inverse of its adjoint with respect to q. Clearly, we have f(g ■ x) = a(g) ■ f(x) for all 
(g, x) G PGL(V) xP(V), and a is semisimple with fixed point subgroup the projective 
orthogonal group, PO(V, q). Thus, we obtain an equivariant completion Tt of the ho- 
mogeneous space PGL(V)/PO(V, q). The latter is the space of non-singular quadrics 
in P(V), whereas Tt is the closure of the locus of graphs of symmetric isomorphisms 
P(y) -> F(V*), in the Hilbert scheme of F(V) x P(V*). 

It was shown by Thaddeus that Tt is isomorphic to the "space of complete quadrics" 
in P(V), see |BJ §10. Moreover, replacing the quadratic form q by a non-degenerate 
skew form yields the "space of complete skew forms", see |H| §11. Both spaces are 
classical examples of wonderful symmetric varieties, see J7|; in fact, Thaddeus' result 
will be generalized to all wonderful symmetric varieties in the next section. 

2. Wonderful completions via Hilbert schemes of flag varieties 

In this section, we consider a connected linear algebraic group G and a parabolic 
subgroup P such that G acts faithfully on G/P = X. Then G is semisimple adjoint. 
Moreover, the group scheme Aut (X) is smooth and is semisimple adjoint as well; 
this group equals G as a rule, and all exceptions are known (see 0). Thus, we may 
consider the equivariant completion TLx,g (resp. Tlx)] we aim at proving that it is 
the wonderful completion of G (resp. of Aut°(X)). For this, we review results of 0] 
and @._ 

Let P be the closure of P in the wonderful completion G. Since P is invariant 
under the action of P x P on G, we can form the associated fiber bundle 

p : G x G x PxP P -> (G x G)/(P x P) = X x X, 

a locally trivial G x G-equivariant fibration with fiber P. Moreover, the inclusion of 
P into G extends uniquely to a G x G-equivariant map 

7i : G x G x PxP P -> G. 

The product map 

p x tt : G x G x PxP P -> X x X x G 
is a closed immersion; its image is the "incidence variety" 

{(</P, fcP, i)|(j,ft)eGxG,iG (g, h)P}. 
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Thus, the fibers of n identify to closed subschemes of X x X via p*; this identifies 
the fiber at the identity element of G, to diag(X). By || 1.6, 7r is equidimensional; 
moreover, by || §7, P is Cohen- Macaulay, and the fibers of ti are reduced. It follows 
that 7r is flat, with Cohen-Macaulay fibers. 

By the universal property of the Hilbert scheme and the definition of H,x,g, we 
thus obtain a morphism 

V? : G — >• H X ,G 

that maps every 7 G G to the subscheme p*(vr*7) of X x X. 

Theorem 3. With preceding notation, ip is an isomorphism. As a consequence, the 
restriction to 7ix,G of the universal family over Hilb(X x X) identifies to tc, so that 
its fibers are reduced Cohen-Macaulay subschemes of X x X. 

Proof. Choose opposite Borel subgroups B, B~ of C7, with common torus T and 
unipotent radicals U, U~. By the Bruhat decomposition, the product map 

U x T x U~ -> G 



is an open immersion. By M and [18|, this map extends to an open immersion 



U x T x LT -> G , 

where To is an affine open subset of the closure of T in G. Moreover, To is isomorphic 
to an affine space, and it meets every G x G-orbit in G along a unique T x T- 
orbit. As a consequence, Go is an B x TJ~ -invariant open affine subset of G, and 
T meets the closed G x G-orbit (isomorphic to G/B~ x G/B) at the unique point 
z = B- jB- x B/B. 

It suffices to show that cp : G — > 7ijs:,G is bijective, and restricts to an isomorphism 
over Go- For the latter assertion (the main point of the proof), we shall show that 
every subscheme Z G <p{Gq) intersects transversally certain Schubert varieties in 
X x X. Mapping Z to its common points with these Schubert varieties, and to the 
Zariski tangent spaces of Z at these points, will yield appropriate morphisms from 
(f(Go) to U, U~ and T , and hence an inverse to (p\c - 

We need more notation, and results from ||. Choose for B a Borel subgroup of P; 
let L be the Levi subgroup of P containing the maximal torus T. Let W be the Weyl 
group of (G, T) and let $ be the root system of (G, T), with the subset <3> + of positive 
roots defined by B and the corresponding basis A. Every a G A defines a simple 
reflection s a G W. The s a (a G A) generate W\ this defines the length function £ on 
that group. Let be the unique element of maximal length; then B~ = w^Bw^. 
Let I be the subset of A consisting of all simple roots of (T,T), and let $/ be the 
corresponding root subsystem of $. The Weyl group of (L,T) is the Weyl group Wi 
of the root system $/; it is generated by the s a , a G J. Let 

W 1 = {w G W I w{I) C $+}, 
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then W 1 consists of all elements of W of minimal length in their right Wi-coset; it is 
a system of representatives of the quotient W jWj. The latter identifies to the double 
coset space B\G/P, via w t— > BwP/P. 

Recall that the T-fixed points in G/P are the e w = wP/P for w G W 1 , and the 
i?-orbits (the Bruhat cells) are the 

C w = B-e w = U/U n W P 

(where W P = wPw^ 1 ); the Schubert varieties are their closures 



-^w B • c w . 
We shall also need the opposite Bruhat cells 

C w = B ■ e w , 
and the opposite Schubert varieties 



X w B • e w Wj\X w ^ WWl 

(note that W 1 is invariant under w t— > w&wwi). 
By g 1.6, we have 

as sets. Thus, the same holds for the scheme ip(z ) = Z , since it is reduced. 

Lemma 4. The isotropy group of Zq in G x G equals B~ x B (as sets). Moreover, 
ip is bijective. 

Proof. The isotropy group Stabc x c(Zo) contains B~ x B\ thus, it can be written as 
Q~ x Q for parabolic subgroups Q~ containing B~ , and Q containing B. Since Q 
is connected, it stabilizes all Schubert varieties X w (w € W 1 ). As a consequence, Q 
stabilizes all Bruhat cells. 

If Q B, then we can choose a G A such that s a has a representative in Q. Let 
w G W 1 , then Bs a BwP = BwP, so that s a w G wW; by the Bruhat decomposition. 
Thus, w~ l (a) G $/. Since this holds for all w in a system of representatives of 
W/Wi, it follows that the orbit Wa is contained in $/. Therefore, $/ contains the 
intersection of $ with the linear span of Wa. As a consequence, P contains a non- 
trivial closed normal subgroup of G. But this contradicts the assumption that G acts 
faithfully on G/P. 

Thus, Q = B; likewise, Q~ = B~ . In other words, the restriction of ip to the closed 
G x G-orbit is bijective. Using [12] §7, it follows that if is the normalization of its 
image; in particular, ip is finite. Moreover, by and [§], the G x G-isotropy group 
of every point of G is connected, and the conjugacy class of that group determines 
the orbit uniquely (an explicit description of these isotropy groups will be recalled in 
Section 3). Therefore, is bijective. □ 
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As a consequence, ip(Go) = (U x U ) ■ <f(T ) is an open subset of (p(G) = 7~Cx,g- 
We now investigate the structure of this subset, in a succession of lemmas. 

Lemma 5. For all Z G <p(To) and w G W , the scheme-theoretic intersection of 
Z with X w x X~ is supported at the unique point (e w ,e w ), and this intersection is 
transversal. 

Proof. Note that ip(l) = diag(X) contains the T x T-fixed point (e w ,e w ); therefore, 
this point belongs to every Z G f(T). 

We first determine the intersection Z fl (X w x X~). It is invariant under T x T, 
and contains (e w , e w ). Let (e u , e v ) be another fixed point. Then, by the description of 
Z , there exists x G W 1 such that: e u G X~ fl X m and e v G fl X~. Thus, w < WW/ 
for the Bruhat ordering on W, so that u < w. Moreover, e u G waX WaXWi , so that 
x < u. Likewise, we have w < v < x. Therefore, we must have x = w = u = v, and 
(e w , e w ) is the unique T x T-fixed point of the set Z fl (X w x X~). It follows that 
(e w ,e w ) is the unique point of that set. Since X w and X~ intersect transversally at 
e w , we see that Z and X w x X~ intersect transversally at (e w ,e w ). 

To extend this to all Z G f{To), consider the universal family U of Hilb(XxX), and 
its pullback Uf to T . This is a closed subscheme of X x X x T ; the scheme-theoretic 
intersection 

U % n (X, xi;x T ) 

is invariant under the natural action of T x T, and the second projection 

q : U fo n (X w x XJ x T ) -> T 

is equivariant and proper. By the preceding discussion, the scheme-theoretic fiber of 
q at is the closed point (e w , e w , z ). Since each T x T-orbit closure in T contains z , 
it follows that all fibers of q are finite. Thus, q is finite, and Uf fl (X w x X~ x T ) 
is affine. Now a version of Nakayama's lemma implies that q is an isomorphism. □ 

By Lemma [5] and the structure of G , every Z G (p(Go) intersects X w x X~ 
transversally, at a unique point of C w x C~; let p w (Z) be that point. 

Lemma 6. Every p w : <p(Gq) — > C^, x is a B x B~ -equivariant morphism, and 
the image of the product map 

fl p w : p(G ) -> JJ C w x C w 
is closed and isomorphic to U x 

Proof. Consider again the universal family of Hilb(X x X), and its restriction lA^Qo) 
to <f (Gq)- Then the scheme-theoretic intersection 
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projects isomorphically to <p(Go), for every fiber is a point. It follows that Pm is a 
morphism; it is clearly B x Z?~-equivariant. 

Thus, the product morphism n^ew 1 ^ * s equivariant as well. To show that its 
image is isomorphic to U x U~ , it suffices to check that the map 

f-U ^ J~J C w , u i > (u e w ) weW i 

w&W 1 

is a closed immersion. For this, identify each Bruhat cell C w with the homogeneous 
space U/U H W P. Arguing as in the proof of Lemma |], we see that the intersection of 
the subgroups UC\ W P (w G W 1 ) is trivial, and that the same holds for the intersection 
of their Lie algebras. Thus, the orbit map i is an immersion. Moreover, its image is 
closed, as an orbit of an unipotent group acting on an affine variety. □ 

By Lemma || every Z G <f(T ) contains (e w ,e w ) as a non-singular point, and the 
Zariski tangent space 

T (e w ,e w )Z = t w (Z) 

is transversal to 

T(e w ,e w )(X w X X~) = T( ewt£w )(C w X C~). 

Let Grass^ be the Grassmanian of linear subspaces of Tt ew ^ e \(X x X), and let 
Grass Wi Q be the open affine subset consisting of those subspaces that are transversal 

to T (ew [ ew) (C w x C~). 

Lemma 7. Every t w : <p(T ) — > Grass^^ is a morphism, and the image of the product 
map 

] [ t w : (p(f ) ] [ Grass 

weW 1 w&W 1 

is isomorphic to Tq. 

Proof. Consider once more the universal family of Hilb(X x X), and its restriction 
M<p{%) t° f(To)- Let m be the ideal sheaf of the closed point (e w , e w ) of X x X and 
consider the scheme-theoretic intersection 

Km n (Spec(Oxxx/m 2 ) x <f(f )), 

with projection map q to <f(T ). Then the fiber of q at Z equals Spec(Oz/xn 2 Oz)] 
its length is finite and independent of Z, since (e w , e w ) is a non-singular point of that 
scheme. Thus, q is finite and flat; it follows that the assignment 

Z^(mO z /m 2 O z y =t w {Z) 

is a morphism. Note that t w maps diag(X) to the diagonal of T £w X. 
For the second assertion, fix w G W and set 

V = T ew X, V + = T ew C w and V. = T £w CZ- 
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Then V is the direct sum of its subspaces V+ and V-. Thus, every subspace of 
V x V = T( ew)£w )X x X, transversal to the subspace V + x V_ = T( ew>ew )C w x C~, can 
be written as a graph 

{(v. + f+(v+ + v-),v + + f-{v+ + v-) | v + G V+, v_ G 

with uniquely defined linear maps f± : V — > V±. This defines isomorphisms 

Grassy Hom(V, V+) x Rom(V, V~) = End(V), 

mapping diag(K) to the identity. Moreover, for every t G T, the point 

(t, 1) • diag(V) = {{t ■ («_ + t;+ + v_) | u + G V + , t>_ G V_} 

= + 1 ■ v+, v + + r 1 ■ u_) | v + g V+, g V^} 

is mapped to the endomorphism 

diag(t, t" 1 ) : V V, v + + v„ \-+ t ■ v+ + t' 1 ■ v_. 

Since each weight space of V is one-dimensional, it follows that the eigenvalues of 
diag(t,t _1 ) are non-zero regular functions on y?(T ), eigenvectors of T (acting on the 
left) with weights: the T- weights of V_ and the opposites of the T- weights of V + . Let 
§ w be the set of weights of these functions; for x ^, let f x be the corresponding 
function. Then f x is an eigenvector of T (acting on the right) of weight — x- 

The set of weights of V = T £w G/P (resp. V+, VJ) equals — $/) (resp. $ + PI 

w (q>- - $ / ) ; $- n u>($~ - $/)). Thus, we have 

= n u>($ - $/) = <&~ - w($/). 

Moreover, for every simple root a, there exists w G VP such that —a belongs to 
$~ — w($>i), by the proof of Lemma |j; and the functions f a (a G A) generate the 
coordinate ring of T , by [|J §3. Thus, the composition of if with n«,ew 7 ^ w * s a c l° se d 
immersion. □ 

Lemmas |6] and [7| imply that the restriction 

V : C7 = U x U~ x f -> <^(G ) 

is an isomorphism. Since is bijective and Go meets all G x G-orbits in G, it follows 
that if is an isomorphism. □ 



Next we extend Theorem to symmetric spaces; for this, we assume that the 
characteristic of k is not 2. Let a be an automorphism of order 2 of G, with fixed 
point subgroup G a . By J7J and ||, the adjoint symmetric space G/G a admits a 
canonical G-equivariant completion G/G a , a "wonderful symmetric variety". We 
shall need the following realization of G/G a in G, obtained by Littelmann and Procesi 
in characteristic zero (see ]l5j 3.2). 
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Lemma 8. The map GjG a — ► G, gG G \— > cr(g)g 1 extends to a closed embedding of 
G/G° into G. 

Proof. Since the approach of [|15| 3.2 does not extend to arbitrary characteristics in 
a straightforward way, we provide an alternative argument. First we review some 
results from ||. 

Let P be a parabolic subgroup of G such that a P and P are opposite, and that P 
is minimal for this property. Choose a maximal cx-split subtorus S of P, a maximal 
torus T of P containing S 1 , and a Borel subgroup B of P containing T. Then T is 
cr-stable, so that a acts on the character group of T, and on the root system $; the 
opposite Borel subgroup B~ is contained in °P, and contains R u ( a P). Moreover, the 
natural map R U {P) x S/S a — > G/G a extends to an open immersion 

P U (P) x (s/s*) ^g/&, 

where (S/S^o is isomorphic to affine space where S acts linearly with weights a — 
cr(a), a G A. 

The isomorphism [/ x [7~ x To — > Gq restricts to a closed immersion 

l : R U {P) x ^ -»• G , (</, 7) o-(^)) • 7, 

where So = S fl T . Note that So is isomorphic to (S/S a ) , equivariantly for the 
action of S on S by (p, 7) 1— > • 7, and for the natural action of 5 on (S/S a ) . 
Moreover, i(R u (P) x S 1 ) is contained in the image of G/G a in G (for every g £ S can 
be written as 7 2 = 70- (7)^ for some 7 G S). 

Let (5^ be the closure in G of the image of G/G a , and let G^o = G a nGo. Then t 
induces an isomorphism 

Ru{P) x So — > G a fi- 
ll follows that the rational map G/G a — > G CT is defined on (G/G CT )o and maps it 
isomorphically to G CTi o- Since {G/G a )o meets all G-orbits in G/G a , this rational map 
is an isomorphism. □ 

We return to the situation where P is a parabolic subgroup of G such that G acts 
faithfully on GjP. Then <r(P) is another parabolic subgroup of G, and a induces an 
isomorphism 

f:G/P^G/a(P), 

such that f(g ■ x) = a(g) ■ f(x) for all (g,x) G G x G/P. Thus, we can consider 
the equivariant completion 7^/,g of the symmetric space G/G a , constructed at the 
end of Section 1. The discussion in that section, together with Theorem ^|, yields 
immediately the following result. 

Corollary 9. With preceding notation, TCf,G is isomorphic to the wonderful comple- 
tion of G/G a . 
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3. The degenerations of the diagonal of a flag variety 

We still consider an adjoint semisimple group G and a parabolic subgroup P, such 
that G acts faithfully on G/P = X. In this section, we shall describe the points of 
TCx,g viewed as closed subschemes of X x X, that is, the partial degenerations of the 
diagonal (the total degenerations being the points of the closed orbit). By Theorem 
H this amounts to describing the set-theoretical fibers of the map 

7i : G x G x PxP P -> G, 

embedded into G/P x G/P via the projection 

p : G x G x PxP P -> G/P x G/P. 

Moreover, by equivariance, it suffices to determine these fibers p(n~ 1 (x)) at repre- 
sentatives x of the (finitely many) orbits of G x G in G. This will be achieved in 



Proposition |10| below, in terms of combinatorics of Weyl groups; geometric applica- 
tions will be given after the proof of that Proposition. 

We use the notation B, B~, T, $, $+, A, W, £, «j a , Wi, W 1 , X w , X~ introduced 
in the proof of Theorem || For every (possibly empty) subset J of A, let Aj be the 
unique one-parameter subgroup of T such that 



(Xj,a) 



if a G J; 

1 if a G A \ J. 



Let xj be the limit in G of Aj(i) as t — ► 0. By || §3 (see also the Appendix in Q), 
the xj (J C A) are a system of representatives of the G x C7-orbits in G; note that 
Aa = 0, so that is the identity element of G. This sets up an order-preserving 
bijection between subsets J of A and G x G-orbits Oj (ordered by inclusion of their 
closures). In particular, the closed orbit is 0%. 

Every Aj determines two opposite parabolic subgroups Pj, Pj of G, where Pj 
(resp. Pj) consists of those g G G such that Aj(t)^Aj(t) _1 has a limit in G as t — > 
(resp. t — > oo). Note that Pj contains B = P$, whereas Pj contains B~ = Qq. The 
common Levi subgroup Lj = Pj fl Pj is the centralizer of the image of Aj; its root 
system is $j. Moreover, Bj = B fl Lj is a Borel subgroup of Lj. 

Now the isotropy group scheme StabcxG^j) is smooth; it is the semi-direct prod- 
uct of the unipotent radical of Pj x Pj with diag(L j)(Cj x Cj), where Cj is the 
center of Lj. In particular, the isotropy group of x® is B~ x 5. 

Since Cj = {t G T | a(t) = 1 Va G J} and J is part of the basis A of the character 
group of T, the group Cj is connected; as a consequence, StabcxG^j) is connected 
as well. 

Let / be the subset of A such that P = Pj. Let 

J W I = {w eW \ w{I) C $+ and w _1 (J) C $+}. 
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By H IV. 1, Exercice 3, this subset of W consists of all elements w of minimal length 
in their double coset WjwWf, moreover, it is a system of representatives of the 
double coset space Wj\W/W^ or, equivalently, of Pj\G/P = Pj\X by @ IV.2.6, 
Proposition 2. 

For every w in J W I , we have Ljf] w B = Bj; thus, Lj n W P is a parabolic subgroup 
olLj. 

Proposition 10. With preceding notation, every irreducible component of the fiber 
p(ti^ 1 (xj)) can be written as 

Z w = diag(Lj) • (wjX~ jW x X w ) 

for a unique w in J W I . Moreover, wjX~ jW x X w is invariant under the diagonal 
action of Lj D W P, and the variety 

Z w = Lj x L ^ wp (wjX WjW X X w ) 

maps birationally to Z w under the natural morphism p w : Z w — > Z w . 

Proof. As a first step, we show the equality in G: 

PHO]= |J (P x P)(w,w)-xj 

(decomposition into irreducible components). For this, note that we have 
P = BwiB = BwiWaB~wa = (1,wa) • BwiWaB~ . 

Moreover, by 0] Theorem 2.1, the irreducible components of BwjWaB~ fl Oj are the 
closures 

(B x B~)(wiWav,v) • xj, 

where v G W satisfies 

v eW J and £(^/U7 A ) = E^wjWav) + £(v). 
Thus, we obtain the following decomposition into irreducible components: 

PHO]= (J (B x B)(w I w A v, wav) ■ xj, 

the union over all v as above. Since every irreducible component of PC\Oj is invariant 
under P x P, we can rewrite this as 

PnO~j = [j(PxP)(wAV, W A V) ■ Xj. 

Set w = wav. Then, since W J is invariant under the map v i— > wavwj, we have 

v eW J ^ ww j e W J . 
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This in turn amounts to: w is the unique element of maximal length in its right 
Wj-coset. On the other hand, we have 

£(wjw A ) = (iiw^^v) + £(v) £(wjw) = £(w) - i{wi) wjw e 1 W : 

which is equivalent to: w is the element of maximal length in its left Wj-coset. So 
we have proved that 

Pn~0~j = \J(PxP)(w,w)-xj, 

the union over all w G W of maximal length in their right Wj-coset and in their left 
W^-coset. But every irreducible component (P x P)(w,w) ■ xj depends only on the 
double coset WjwWj (for the isotropy group of xj contains diag(Lj)). Moreover, 
this double coset contains a unique element of maximal length (for WiwWj is the 
set of B x P-orbits in PwPj, and the latter contains a unique open B x P-orbit). 
Thus, the preceding union is over the set Wi\W/Wj, or, equivalently, over I W J . This 
completes the first step of the proof. 
As a second step, we show that 

p{ix- l (xj))= (J Stab GxG (a;j) • (e w ,e w ) 

(decomposition into irreducible components). For this, given (g,h) G G, note that 

(gP, hP) G p{-K'\xj)) & (g-\ h- 1 ) ■ xj G P n (G x G) ■ Xj. 

Note also that T W J and are exchanged by w i— > w . The assertion follows from 
these remarks, together with the first step. 
Now recall that 

Stab GxG (xj) = &mg{Lj){R u {Pj)Cj x R u {Pj)Cj). 

Moreover, for every w in J W I , we have 

R u {Pj)CjwP = R u {Pj)wP = BwP, 

for B = R u (Pj)Bj and Bj C W P. As a consequence, BwP is invariant under left 
multiplication by the group Lj\~\ w P. Likewise, since wjB~wj = R u (Pj)Bj, we have 

R u (Py)CjwP = R u (Pj)wP = wjB'wjwP, 

and this subset is Lj n w P-invariant. Thus, 

Stah GxG (xj) ■ (e w ,e w ) = diag(Lj) • (wjC~ jW x C w ). 

Together with the second step, this proves all assertions of the Proposition, except 
for birationality of p w . But Z w contains 

Z° w = Lj x L -' nwp (R u (Py) ■ e w x R u (Pj) ■ e w 

= Lj x L ^ wp ((R u (py)/R u (py) n W P) x (r u (Pj)/r u (Pj) n w p)) 
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as an open subset, mapped under p w onto 

Z° = Stab GxG (xj) ■ (e w ,e w ). 
We shall show that the restriction 

n ■ 7° _ ► 7° 

is an isomorphism. 

For this, we describe the (set-theoretical) isotropy group of (e w , e w ) in Stab GxG (a;j), 
that is, Stabwp x wp(xj). Since 

Stab GxG (xj) = (Ru(Pj) x R u (Pj)) ■ (Cj x Cj) ■ diag(Lj), 

this isotropy group is contained in 

fp n pj) x ("P n Pj) = TP n ^(pj))^ n Lj) x fp n R u (Pj))( w p n l,), 

and contains ("P n R u (Pj)) x C-P n R u {Pj))- It follows that 

Stab»p x .p(x J ) = (P U (P7) fl «P) x (P u (Pj) n T) • (Cj x Cj) • diag(Lj n 
The isotropy Lie algebra of ( 

Ciu) ^ui) in Stabgxg 

(xj) is described similarly; it follows 

that 

Z° w ^ Stab GxG (xj)/Stab tu p ><tu p(a;j) 
and that p w : Z° — > Z° is bijective and separable, hence an isomorphism. □ 

Corollary 11. With preceding notation, the set of irreducible components ofn~ l (x,j) 
is in bisection with the set of Pj -orbits in X . As a consequence, the fibers of tt at all 
boundary points of G are reducible. 

Proof. The first assertion is a direct consequence of Proposition [11]. If ir~ x (xj) is 
irreducible, then Pj acts transitively on X, and hence its unipotent radical acts 
trivially. Since G acts faithfully on X, it follows that Pj = G, that is, J = 0. □ 

Example 2. Let X be the full flag variety of G, that is, P = B, or, equivalently, / is 
empty. Then J W I equals J W, and LjH w P = Bj, so that the statement of Proposition 



10] simplifies slightly as follows: 

p(ir- 1 (x J ))= |J diag(Lj) ■ (wjXy jW x X w ) 

w£ J W 

(decomposition into irreducible components), and the map 

p:LjX B ' |J WjX- jW xX w ^p{7T- 1 {xj)) 

w€ J W 

is birational. 

Example 3. Let X = P" = P(A;" +1 ), then G = PGL(n + 1). Let (i^, . . . ,v n+1 ) be 
the standard basis of k n+1 ; let T (resp. P, P~) be the image in G of the group of 
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diagonal (resp. upper triangular, lower triangular) matrices in GL(n+ 1). The Weyl 
group W is the permutation group of 1, . . . ,n + 1, and the simple reflections are 
the transpositions + 1) where 1 < i < n. Identifying the simple roots with the 
corresponding reflections, we have 

I = {(2, 3), . . . , (n, n + 1)} and W 1 = {w G W | w(2) < w(3) < ■ ■ ■ < w(n + 1)}. 

Thus, every w G W 1 is uniquely determined by w(l); for 1 < i < n + 1, we denote 
Wi the element of W 1 such that Wi(l) = i. Then e Wi is the line kvi, and the Schubert 
variety X Wi is simply the subspace F{kv\ H — • + kv^, whereas the opposite Schubert 
variety X~. equals F{kvi + • • • + kv n+ i). 
Let 

J = {(jl>h + !),-•■ ,Ur,3r + l)} 

be an arbitrary set of simple roots, where 1 < ji < ■ ■ ■ < j r < n. For < i < r, let 
Vi be the subspace of k n+1 spanned by Vj i+ ±, . . . , Vj i+1 and let V<i = V © • • • © Vi, 
V>i = Vi®---® V r . Then 

A;™ +1 = V = V © • • • © V r , 

and Pj (resp. ; Lj) is the stabilizer in PGL(V) of all subspaces P(l / <i) (resp. 
P(V>i); P(VJ)) for < i < r. One checks that 

J H/ = w jl+1 , ... , w jr+1 } 

and that Lj fl P Wi is the stabilizer in Lj of the line kvj i+ i, for every iWj in J W 1 . 
Now the irreducible components of p(7r _1 (xj)) are the 

Z i = {(x, y) E F(V) x F(V) \ x e P(V <i + £), ye F(V>i + i) for some line i in l^}, 

for < i < r, where Z t = Z(wj i+ i). Note that Zi meets Z i+ i along their divisor 
P(V<j) x P(l / >i ). We have, with obvious notation, 

Z t = {(x, y, i) G ¥(V) x ¥(V) x P(^) | x G P(F <i + £), y G P(\/>, + £)}, 

and pi : Zi Zi is the first projection; note that Zi is non-singular. 
If dim(\/j) > 2 and < % < r, then the exceptional locus of pi is 

P(v^) x p(y >i ) x p(^). 

This subset has co dimension 2 in Zj, and is mapped by pi to P(V<j) x P(\/>j). It 
follows that Zi is singular along P(V<j) x P(V r >i ). On the other hand, if dim(\/j) = 1, 
then Zi = Zi = F(V<i) x P(V>i) is non-singular. Finally, Zq (resp. Z r ) is isomorphic 
to the blow-up of F(V >0 ) (resp. of F(V <r )) in F(V). 

In particular, the "minimal" degenerations of the diagonal in F(V) x F(V) corre- 
spond to the decompositions V — V © V±. Each such degeneration has 2 irreducible 
components: the blow-up Z of P(Vi) in F(V), viewed as a subvariety of F(V ) x P(V), 
and the blow-up Z 1 of P(V r ) in P(V), viewed in F(V) x P(T4). These components 
are glued along their common exceptional divisor P(Vq) x P(Vi). 
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Remark. If X is the full flag variety, then every fiber of 7r is Gorenstein (for B is 
Gorenstein, by || §5). But this fails e.g. for X = F n where n is even: let indeed 
Z be the total degeneration of the diagonal in P n x P n . One checks easily that the 
restriction Pic(P n xP n ) — > Pic(Z) is an isomorphism. Assuming that Z is Gorenstein, 
its canonical sheaf is thus isomorphic to Oz{p,q) for unique integers p and q. By 
symmetry, we have p = q; by duality, we obtain 

X(Z, O z (-m, -to)) = x(Z, O z {m + p, m + p)) 

for all integers to. Moreover, the Hilbert polynomials of Z and of P™ are equal, so 
that 

/ nn ,~ / nn (2to + 1) • • • (2m + n) 
X (Z,O z (m,m))=x(V n ,Ovn(2m)) = ± i. 

Since n is even, this yields a contradiction with the previous equality. 



4. Wonderful completions via Chow varieties 

In this section, we assume that the characteristic of the ground field k is zero. 
As in Section 1, we consider a projective algebraic variety X together with a closed 
connected subgroup G of Aut(X). We shall modify the constructions of Section 1 by 
replacing Hilbert schemes with Chow varieties; the latter can be defined as follows. 

Choose a closed embedding of X into some projective space P. Let Chow„ d (A, P) 
be the set of Chow forms of effective cycles of X with dimension n and degree d. 
Then Chow n ^(A, P) is a projective algebraic set; moreover, the disjoint union of the 
Chow„ ^(X, P) over all (n, d) is independent on the projective embedding of X (see 
0, Corollaire, p. 115; this may fail in positive characteristics, see [0 1.4). We call 
this union the Chow variety of X and denote it Chow(A); this definition differs from 



that in |13[ 1.3, where the seminormalization of Chow(A) is considered. 

Taking the fundamental class of a subscheme defines the Hilbert-Chow morphism, 
from the Hilbert scheme of X (endowed with its reduced scheme structure) onto the 



Chow variety; see 1131 1.3.15, 1.3.23.3 



Let Cx,g be the G x G-orbit closure of the diagonal in Chow(A x X). This is 
a projective equivariant completion of G; its points are graphs of elements of G, 
together with their limits as cycles. The Hilbert-Chow morphism from Hilb(A x X) 
to Chow(X x X) restricts to a G x G-equivariant birational morphism from T~Cx,g 
to Cx,g- Moreover, the action of G x G on Cx,g can be interpreted in terms of the 
(partially defined) composition of correspondences; for the latter, see 16.1. 

Consider now a semisimple adjoint group G and a parabolic subgroup P such that 
G acts faithfully on G/P = X. Then we saw that all closed points of H.x,g are 
reduced; thus, the Hilbert-Chow morphism restricts to a bijective morphism 

HC : Hx,g — * Cx,G- 
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Composing with if : G — ► H.x,g, we obtain a morphism 

V> : G -> C X , G , 

mapping every x G G to the cycle p*(7r*[x]), where all multiplicities equal 1. We shall 
show that ip is an isomorphism; by Theorem |3|, this amounts to showing that HC is 
an isomorphism. Actually, we shall obtain a direct proof of the following equivalent 
statement. 

Theorem 12. Let X be a projective variety, homogeneous under a connected group 
G of automorphisms. Then Cx,g is equivariantly isomorphic to G. 

Proof. We begin with the following observation. 

Lemma 13. With the preceding notation and assumptions, every connected com- 
ponent of Chow(X) contains a unique closed G-orbit, and admits a G-equivariant 
embedding into the projectivization of a G-module. 

Proof. Let C be a connected component of Chow(X). Then all points of C, viewed 
as cycles in X, are algebraically equivalent. But algebraic equivalence in X coincides 
with rational equivalence, and the Chow group of X is freely generated by the classes 
of the Schubert varieties (see || Example 19.1.11). Therefore, every cycle in X is 
algebraically equivalent to a unique cycle with B-stable support. Thus, C contains a 
unique fixed point of B, and hence a unique closed G-orbit. 

For the second assertion, choose an equivariant embedding of X into the projec- 
tivization P of a G-module. Then C is contained in some Chow nj d(A, P). The latter 
is contained in the projectivization of a G-module, by the construction of the Chow 
variety. □ 

Applying Lemma OtoIxX,we see that Cx,g contains a unique closed G x G- 



orbit. The latter is isomorphic to G/B x G/B, by Lemma |j. Thus, Theorem |T2| is a 
consequence of 

Lemma 14. Let V be a Gx G-module. Let x G P(V) satisfy the following conditions: 

(i) The isotropy group StabcxGO^) equals diag(G). 

(ii) The orbit closure (G x G) • x contains a unique closed G x G-orbit, and the latter 
is isomorphic to G/B x G/B. 

Then the map 



G (G x G)/diag(G) -> (G x G) • x, (g, h) ^ (g, h) ■ x 



extends to an isomorphism G — ► (G x G) ■ x. 

Proof. By |12| §7, the map G — ► (G x G) • x extends to an equivariant birational 

m nmn i am 



morphism 

G -> (G x G) • x. 
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We shall construct an inverse to that morphism. 

By (ii), there exists a unique line £inV such that the corresponding point of F(V) 
belongs to (G X G) • x and has isotropy group B x B. Thus, £ consists of eigenvectors 
of B x B of weight (A, /i), where A and /i are regular dominant weights of B. Let 
be the G x G-submodule of V generated by £. By complete reductibility, we may 
choose a G x G-equivariant projection V —>■ V\ ilM . Then the corresponding rational 
map 

/ : HV) > P(V AlAi ) 

is G x G-equivariant and defined at £, and hence defined everywhere on (G x G) ■ x. 
The image of x under / is a fixed point of diag(G) in P(V\ )/1 ). m particular, the 
G x G-module V\,n contains an eigenvector of diag(G). Thus, this module is the 
space of endomorphisms of the simple G-module V M with highest weight /x; moreover, 
the image of x in P(Va, /j ) = PEnd(V M ) is the line spanned by the identity map. By 
3.4, the G x G-orbit closure of that line is isomorphic to G. Thus, / restricts to 
an equivariant birational morphism from (G x G) • x onto G. □ 

□ 

Together with Zariski's main theorem, Theorem [12] implies that the equivariant 
birational morphisms HC : 7ix,G —* Cx,g and cp : G — » 7ix,G are isomorphisms as 
well. This yields an alternative proof of Theorem |3| in characteristic zero; its only 
overlap with the proof of Section 2 is the simple Lemma 01. 



Finally, we extend Theorem [12] to symmetric spaces. As at the end of Section 
2, consider an automorphism a of order 2 of G, the corresponding isomorphism 
/ : G/P — ► G/a(P), and the closure Cf t o of the G-orbit of the graph in the Chow 
variety of G/P x G/a(P). Then Lemma [8] and Theorem [12] imply readily 

Corollary 15. With preceding notation, Cf^c is isomorphic to the wonderful comple- 
tion of G/G*. 
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